the data as in the case for carbon diox-
ide. However the excellent agreement
with the work of Hirth (11), Leduc
(14), Rayleigh (19), and Cawood and
Patterson (4) substantiates the reliabil-
ity of this investigation. The values of
Bateucas (I) and Johmson (I2)
vary considerably from these data.

The actual maximum error of the
reported compressibility factors is es-
timated to be less than = 0.109%.
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Relationship Between Pellet Size and

Performance of Catalysts

JOHN BEEK

Shell Development Company, Emeryville, California

The effect of mass transfer resistance in reducing the effectiveness of porous catalysts has
been known since the publication of Thiele’s classical paper in 1939, The variotion in tem-
perature caused by resistance to heat transfer may bring about equally significant changes in
effectiveness in some cases. An extension of Thiele's treatment to take exact account of heat
transfer resistance leads to a set of nonlinear differential equations that can only be solved

numerically.

This paper presents an approximate treatment of the simultaneous effects of resistances to
mass and heat transfer. With the limitations imposed by linearizing the equations the formulas
derived give the activity and selectivity for any combination of reactions. The use of the results
is illustrated by three examples. It is shown that the principal effects are associated with the
variation of concentration within the pellet of catalyst and with the difference in temperature
between the surface of the pellet and the bulk fluid.

PURPOSE AND SCOPE

The purpose of this paper is to ex-
tend the work of Thiele (10) on the
relation between the size of catalyst
pellets and the rate of the catalyzed
reaction to take account of two addi-
tional effects. Thiele gave a quantita-
tive theory for the diminution in aver-
age rate of reaction associated with
resistance to diffusion through a porous
catalyst, under the assumptions that
the temperature is uniform within the
pellet and that the composition at the
surface of the pellet is the same as the
composition in the bulk fluid. There is
in addition the tacit assumption that
the temperature at the surface of the
pellet is the same as the temperature
in the bulk fluid. These assumptions
are removed from the basis of the
present work,
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The range of application of the re-
sults given below is restricted however
by the assumption that the rates of all
reactions involved vary linearly with
concentrations and with temperature.
Although the assumption with regaid
to concentration is by no means as
strong as the assumption that all re-
actions are of first order, it certainly
limits the magnitude of effects that can
be described quantitatively. The ana-
logous limitation on the range of tem-
perature that can be covered applies
to most reactions because it is rarely
that one finds an approximately linear
relation between rate and temperature.
It must be understood that the ranges of
concentration and temperature that
are in question here are the ranges
covered in the interval between the
center of a pellet and the bulk fluid
in the immediate neighborhood of that
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pellet, but not the ranges covered in
the whole reactor.

A second restrictive assumption is
that the flux of each substance is re-
lated to the gradient of its concentra-
tion by a constant diffusion coefficient.
This assumption is justified if only two
substances are present, if all substances
present have about the same diffusivity
and the reaction does not change the
number of molecules, or if the concen-
trations of all reactants and products
are small. A good example of a case in
which this assumption is not justified is
a gas-phase hydrogenation in which
hydrogen and the other reactant are
fed in comparable concentrations.

In one respect the results given in
this paper greatly extend the scope of
the theory. There is no limitation in
principle on the number of reactions
that arc going on, or on the number of

Page 337



concentrations that determine the rates
of these reactions. In practice the step
from one to two reactions seriously in-
creases the difficulty of calculating the
average rates, and ‘the step from two
to three reactions reaches almost to the
practical limit for desk computation.

The assumption that the pellet of
catalyst is spherical is not seriously re-
strictive. A chemist or an engineer can
probably guess an equivalent radius
for a nonspherical particle as well as
he can estimate the required transport
coefficients.

The principal uses of this extension
of the theory are then to give estimates
of moderate effects on rates and to
indicate when the effects are large
encugh to require calculation by direct
numerical solution of the differential
equations.

Some indication of the accuracy of
the approximations involved is given
by the numerical results obtained with
three examples. The table shows the
ratio of the average production rate
of a substance in the catalyst pellet to
what the production rate would be if
the ambient conditions held through-
out the pellet, as calculated in three
ways: first by solving the complete set
of differential equations numerically,
second by the method given in this
paper, and third by the isothermal
theory.

Numerical This
solution  report Isothermal
1 0.83 0.88 0.74
2 1.12 1.42 0.74
3 A, 0.76 0.78 0.74
A, —0.19 —0.13 0.24

The numerical solutions of the differ-
ential equations were carried out by
Dr. R. D. Hawthorn, using a program
coded by him for the Datatron. In the
first two examples a single first-order
reaction is going on, but in the third
example A, is reacting to give A, which
reacts in turn to an undesired product.
As might be expected there is some
improvement over the isothermal
theory, but the effect of the change in
temperature is exaggerated by the
linear approximation, as is explained
in the discussion of the examples.

DEVELOPMENT OF THE THEORY
Review of the Current Theory

The effect of the size of porous cata-
lyst pellets on the apparent activity of
the catalyst has been well known since
1939, when Thiele published his quan-
titative theory (10). Very little has
been added to Thiele’s work since that
time. Wheeler’s article (11) gives ex-
pressions for the selectivity in certain
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sets of first-order reactions, and the
article by Weisz and Prater (10) shows
how the over-all selectivity for succes-
sive first-order reactions may be cal-
culated for an isothermal reactor. In
all this work no variation of tempera-
ture is taken into account, although
there are practically important cases
where the effect is significant.

Frank-Kamenetsky (5) discussed the
relation between mass and heat transfer
from the surface of a catalytic particle
and showed that there can be two
steady states. Buben (2) realized the
steady states experimentally and pro-
posed to use the corresponding condi-
tions to study the kinetics of reactions.
Both these authors considered only
impermeable pellets of catalyst.

Damkéhler (3) calculated an upper
limit on the rise in temperature within
a spherical pellet and showed that for
several practical catalysts this rise in
temperature is insignificant. Pshezhet-
skii and Rubinstein (9), without re-
ferring to Damkohler’s work, showed
that the limiting rise does not depend
on the shape of the particle. In addi-
tion they gave, in their Equation (30),
an explicit expression for the functional
dependence of the local rate on con-
centration and temperature, in terms
of the average rate and its variation
with concentration and temperature,
with the restrictions that only one re-
action is going on and that the depth
of penetration of the reaction within
the granule is small. Prater (8) has
recently given an example in which
the change in temperature is important,
the dehydrogenation of cyclohexane
with a supported platinum catalyst.
Wicke (13) indicated the qualitative
nature of the interaction between the
change of temperature across a surface
film and the change of concentration
within the porous solid, but did not
develop a quantitative relation.

A complete theory should take ac-
count of the changes in both composi-
tion and temperature encountered in
going from the bulk fluid to the surface
of the pellet and on into the pellet
toward the center. Such a theory is
possible only in the form of a set of
differential equations that are to be
solved numerically, both because the
general diffusion equations are not
linear and because the relations be-
tween rates of reaction and tempera-
ture are not linear. An analytic theory
must be based on some simplifying
assumptions.

Basis of the Theory
This paper describes the behavior

within a spherical pellet in the linear
approximation, that is in the case when
the rate of reaction depends linearly
on both concentration and tempera-
ture. Although the relation between
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the rate and the temperature is ordi-
narily far from linear, when the varia-
tion of temperature is small one can
get a good estimate of it and of its
effect on the rate. The other assump-
tions restricting the application of the
theory are stated and discussed in the
section on the purpose and scope of
the report. Except for the assumption
that one can neglect the effect of any
change in the number of moles during
the reaction, the same assumptions are
involved in the usual applications of
the Thiele theory and its extensions.

Theory for a Single Reaction

It is convenient to use as a reference
point the condition of the fluid sur-
rounding the pellet and to express the
concentration and temperature as dif-
ferences from their reference values.
Consider first the case of a single re-
action. The rate of reaction at any
point is given in the form

R=R,+ac+ bt

where R, is the rate that would hold
if the concentration and temperature
were uniform, ¢ and ¢ are the differ-
ences in concentration and temperature,
and a and b are equal to dR/dc and
dR/0t in the condition of the bulk
fluid.

In a steady state the material bal-
ance at a point gives the equation

D d /[, dc)
— | T —
. dr dr

s (R, +ac+bt) =0

and the heat balance gives

A od (1“ dt)+
P dr \ dr
Q(R,+ac+bt) =0

In this equation, s gives the number of
moles of the substance in question
produced by the reaction, and Q is
the heat produced.

The boundary conditions are

dc

= o0 =0

& (r=20)

di

—— :0

7 0 (r )
d

koo (D/1) —— =0 (r=1)

dr

and
dt
ht + \/1) — =0 (r=1)
dr

From the solution of these equations
one derives three quantities of interest.
The most important of these is the ef-
fectiveness factor for the catalyst, that
is the average rate divided by R.. The
expression is

8(¢cothp—1)

R/R, =
¢ + o{pcothp—1)
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or, in a form that exhibits the separate
resistance in transport to the surface

— ?2 w -1
R/Ro - [ -_— —:l
3(¢@ coth ¢ — 1)+ 3
¢ is defined by
@ = — 1% (sa/D + bQ/))

o denotes a dimensionless quantity in-
volving the mass transfer and heat
transfer coefficients defined as

© =—1 (sa’k. + bQ/h)

The rise in temperature at the cen-
ter of the pellet is given by the expres--
sion

Bs—Rosl — 2 o L ket (1 + foq) — Hafl (1 + foq — so“zqf)“}_l

it gives the contribution made by
transport through the pellet to the
reciprocal of the effectiveness factor.
One finds the reciprocal of the effec-
tiveness factor by adding three quan-
tities: /3 for transport to the pellet,
the quantity from the graph for trans-

| 3(pcothep—1) 8
port through the pellet, and unity for

the chemical process.

Theory for More Than One Reaction

The differential equation and rate
expressions describing the system when
more than one reaction is going on are

t(O) _ TleRn [ 1 +()\/hl‘1) (SO COth@—- l) _SO/SlnhSo ]
A ¢+ w(pcothp—1)

and the rise in concentration at the
center is

c(0) = —

the same as those given above for a
single reaction, except that some of the

D

For completeness the forms appropri-
ate when ¢* is negative are added. In
this case one defines y by

™ R, [ 1L+ (D/k.r;) (@ coth o — 1) — /sinh ¢ ]
¢" + w (@ coth o — 1)

symbols appearing are understood to
represent matrices instead of simple
quantities. R and Q become column
matrices, having as their elements the
rates and heats of the independent re-
actions. ¢ is a row matrix representing
the changes in the concentrations of
the key substances used in describing

Y= (_ 2)1/2
and finds ¢
— 3(1— t
R/R, — ( i cot ¢)
¥ + o(1 — 1 cot )
t(0) = —
(0) -
and

™ QR, [—1 + (Mhr ) (1 —ycoty) + ¢/sin g ]
¥+ o (1—Peoty)

the system. ¢ is a square matrix, with

=]

The derivations of these formulas
are given in the Appendix, together
with the modifications that are neces-
sary when more than one reaction is
going on.*

The estimation of thermal conduc-
tivity and molecular diffusivity through
pellets presents a real problem. If the
thermal conductivity has not been
measured, a rough estimate can be
formed by analogy with materials for
which the conductivity is known. Dif-
fusivities through catalyst supports
have been reported in the range from
0.12 to 0.03 times their values in the
absence of the solid (2, 3, 7) with no
clear relation between the ratio and
the structure of the solid. Apparently
the only satisfactory course is to meas-
ure the effective diffusivity.

Figure 1 gives a convenient means
for evaluating the ratio of the resist-
ance to transport through the pellet to
the chemical resistance. In other terms
mal has been deposited as document
6624 with the American Documentation Institute,
Photoduplication Service, Library of Congress,
Washington 25, D, C., and may be obtained for

$2.50 for photoprints or $1.75 for 35-mm.
microfilm.
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— 1+ (D/koy) (1 — cot ) 4 ¢/sin ]
¥+ o (1—ycoty)

elements dR/dc; b is a column matrix,
with elements dR/dt, and s is a square
matrix giving the amounts of the key
substances produced by the independ-
ent reactions.

The derivation of the expressions for
the average production rates of sub-
stances, and for the temperature and
composition at the center of the pellet,
follows the pattern that would be used
for a single reaction but is somewhat
complicated by the need for taking ac-
count of the order of multiplications.
It is convenient to use the auxiliary
quantities and matrices defined by the
following formulas:

K= D/kxr.

H = )hr,
f=—rbs/x
q=—s"

The generalization of the Thiele modu-
lus that arises naturally from this treat-
ment is a square matrix defined by the
equation

o1
g=—n| (5) o ]s
The matrix (a/D) is formed by divid-
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ing the elements of a by the diffusivi-
ties of the corresponding substances.
Given these definitions one can
write the expressions for the average
production rates and for the tempera-
ture and concentrations at the center

of the pellet:

t(0) =
—5__ (1 —¢/sinhp
R’s( + HI) q
3x @ coth o —1
and
(DC)(0) =
¥ __ {1 — @/sinh
— R’s ._f__—¢ KI )
3 @ coth o —1

R’s, the quantity that appears in the
first of these expressions, is usually a
more useful set of quantities than the
set of rates of individual reactions. The
average rates can be calculated from
R's by
R = [(R’s) s']

Examples

1. Consider a first-order reaction
with a moderate heat of reaction and
activation energy. The quantities re-
quired to characterize the system are
set forth in the following tables.

Conditions around the pellet

T. = 500 °K.
G = 0449 g./sq. cm. sec.
N, =105
P = 10 bar

Properties of the gas

Average molecular

weight = 104.7 g./mole

Cy = 245 j/g. deg.
Ay =0655x10" j./cm. sec. deg.
n = 2.06 x 10™* g./cm. sec.

D, =611x10" sq. cm./sec.

Properties of the catalyst

A = (.21 cm,
A = 251x 107 j./cm. sec. deg.
D = 0.16 D, = 9.78x 10

$q. cm./sec.

Description of the chemical process

Q = 2.054x10° j-/mole
R = k(N.p. + ¢) exp
% 7))
R,\T, T

mole/cc. sec.
where
k = 0.138 sec.™
P = P/R,T == 2.4054 x 10

mole/ce.

E = 8x 10* j./mole

From these data one calculates the
derived quantities
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Np, = /A, = 0771

= y/pD, = 1.339
Nz, = Gd,/n = 915
NyuNp ™ = NgNg ™ = 60.3

NNu = 55-3
Na = 66.5
h = Ny\,/d, = 8.62 x 107
j-/sq. cm. sec. deg.
k. = NuD,/d, = 0.967
cm./sec.
R, = kN,, = 1.600 x 10~°
mole/cc. sec.
a =k = 0.133
sec.™
b = R,E/R, T} = 6.16 x 10~
mole/cc. sec. deg.
—srfa/D = 8.00
® = r,(—sa/D — bQ/\)"* = 1.944

In the analysis of Thiele, one would
use r3a/D as the square of the modu-
lus, giving a value of 2.449 for the
modulus and 0.743 for the effective-
ness factor. By taking account of the
rise in temperature within the pellet
one adjusts the modulus to 1.944,
which corresponds to an effectiveness
factor of 0.814. The effect at the sur-
face has still to be taken into account.
One finds

—sa/k, = 0.1376 cm.™

bQ/h = 1467 cm.™

® = r,(—sa/k., — bQ/h) =
—0.279

This gives a figure of 0.881 for the ef-
fectiveness factor.

This result can be shown more
clearly in terms of the separate re-
sistances. Referring to the chemical
resistance as unity one has for the dif-
fusive resistance within the pellet

¢"/3(pcothgp —1) — 1 =10.229

and for the resistance in transport to
the surface

w/3 = —0.093
The sum of all the resistances is
1/E, = 1 + 0.229 — 0.093
= 1.136
from which one finds that
E, = 0.881
2. Exaggerate the thermal effect

found in the first example. Take larger
values for three quantities

N, =0.75

E = 1.2x10° j./mole
Q = 2.5675 x 1¢° j./mole

These changes have the effect of mul-
tiplying the product bQ by the factor
2.8125. Now ¢* = —0.2488, so the
expressions written for imaginary val-
ues of ¢ are

= ip = 0.499

o = —0.837
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$/[3(1 —geoty)] — 1 =—0.0167

w/3 = —0.2791
1/E, =1 — 0.0167 — 0.2791 = 0.704
EA == 1.42

In this rather extreme case one has
negative resistances both within and at
the surface of the pellet.

3. Study the selectivity of a catalyst
for the first of two successive first-order
reactions. The formulas that are re-
quired are given in the Appendix. The
chemical equations are

A=A
A=A,
or, in the desired form
0=—A+ A,
0=—A, + A,
with the rates

Ri = ki(Niopn + ¢:) exp

= (-7)]

R, \T, T
The coefficients of A, and A, in the
chemical equations constitute the stoi-
chiometric matrix. It should be re-
marked that although in this example
the rate of each reaction depends
only on the concentration of the sub-
stance that is being consumed in the
reaction, the application of the theory

is not restricted to this condition. The
parameters of the reactions are

1 2
Q(j/mole) 8 x 10 2x 10°
E(j/mole) 4x10* 1.6x10°
k(sec.™) 1.5 0.5

For the substances one has

1 2

N, 0.25 0.50
D(sq. cm./sec.) 107 107
The other data are

T, = 500°K.
P = 1 bar
A = 0.2 cm.
A = 2.5x 107 j./cm. sec. deg.
k. =5 cm./sec.
h = 9x10% j./sq. cm. sec. deg.
The data required in matrix form
are
0.6
Qo = 105< ) j-/mole
2
9.02
R, = 10‘“( ) mole/cc. sec.
6.01

o =T
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R/s = 10°(—9.02,3.01)mole/cc. sec.
and
(1.5 0 ) .
a = sec.
0 05
The selectivity under the reference

conditions is given by the ratio of the
production rate for A, to the consump-
tion rate for A, that is by the negative
of the ratio of the two terms in R,’s
which is 0.33. This value is low enough
to raise the question whether it is use-
ful to continue to higher conversions.
The calculation proceeds as follows:

15 0
(a/D) = 102( ) cm. ™

0 05
R.E./R,T S
b = / ) = 107
RDZEE/RQT02
1736
(4.’;29) mole/ce. sec. deg.
—r%b's/\
0.04
= — ——— (10”7 1.736,
f 2.5x 107 (107
-1 1
4.629) < (1)”1 )mole/j.

Il

10 (2.777, 4.629) mole/].
B (—l —1 )
s =
0—1
g =-5
1 0.6
() 10(20) e
01 2.0
= 105(2'6>'/ 1
= 2.0 j-/mole
Ya/D)s = 004)(102)<1'5 0 )
—r*a/D)s = (0. 0 05
(o 1)
0 1
- (5 2)
T \o 2
2.6
qgf = 10‘1(20) (2,777, 4.629)

0.7221 1.2035)
~ N\ 0.5554 0.9257

¢ = —r(a/D)'s—gf
B ( 5.2779 —7.2035)
T \N—05554 1.0743

There is no need here to calculate
the matrix ¢ because the functions of
@ can be evaluated as easily from ¢’
as from ¢. One must have the charac-
teristic values of ¢°, given by the solu-
tions for x of the determinantal equa-
tion
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l¢*—=I| =0
or
#* — 6.3522x + 1.6687 = 0

The solutions are x, = 6.078 and x, =
0.2746. Now construct the auxiliary
matrices

M, = (§02 - xaI)/(x1 - xz)
and

M, = (" —x]1)/(x:— %)

to be used with Sylvester's theorem
(6) in computing functions of ¢°. One
finds

0.8622 —1.2413)

o~
—0.0957 0.1378

and

B (0.1378 1.2413)
: 0.0957 0.8622

Sylvester’s formula for this case is

g(¢’) = Mig(x,) + Mg(x.)

The first function needed is
@’ /[3(p coth o —1)]
so that for this function
g(x) = x/[3(x"* cothx"* — 1)]
One finds g(x,) = 1.3495 and g(x.)
= 1.0182, which gives for g(¢°)
¢’/[8(pcothp—1)] =
( 1.3002 —0.4114)

—0.0317 1.0638
Now one needs the quantity fo~q,
involving ¢, which is found more
easily by the ordinary process of inver-
sion than from Sylvester’s theorem.
One finds successively

{06438 4.3168 )
~ \0.3329 3.1629

—2

10.3073
¢q = 105( 7.1912
fo°q = 6.1912
) 2.8626 4.7710
¢of =< 1.9971 8.3286)

I+ fo*q — ¢7qf =
( 4.3286 —4.7710)
—1.9971 3.8626

I+ foqg — ¢™gf) " =
( 0.5371 0.6634 )
0.2777 0.6019
and
Ke'(1 + fo*q) — Hqf =
( 0.2793 —0.6852 )
—0.1171 —0.0513

using for the last result the expressions

K= D/ka, = 10*
and
H = x/hr, = 0.1389
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the pellet. From Sylvester's theorem
one finds

5
T

RELATIVE DIFFUSIONAL RESISTANCE

o

0.0! _ i
0.1 10 100
®

Fig. 1. Ratio of effective diffusional resistance
to chemical resistance.

From these results one can calculate
the relative resistance in transport to
the surface of the pellet:

1
3 [Ke™(1 + fo~q) —
Hqf1(I + fo™q — ¢7qf)” =
( —0.0134 —0.0757 )
—0.0257 —0.0362

This term is added to the term for the
sum of the chemical resistance and the
resistance to diffusion through the
pellet ¢*/[8(pcothp—1I)] to give
the ratio of the total resistance to the
chemical resistance. The result is the
matrix

1.2868 —0.4871)
—0.0574 1.0276

the reciprocal of which
( 0.7916 0.3752 )
0.0442 0.9941

is premultiplied by the matrix of ideal
production rates to get the average
production rates. The product is

R’s = 10 (—7.008,—0.396)
mole/cc. sec.

which is to be compared with the ideal
value

R,/s = 10" (—9.020, 3.007)
mole/cc. sec.

The selectivity for the pellet as a
whole is actually negative, so it is ob-
vious that the conversion is too high.

The matrix function

1— ¢/sinh ¢

gcothp —1
is required in calculating the tempera-
ture and composition at the center of
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I—¢/sinhg ( 0.3999 0.1344 )
@cothe—1  \0.0104 0.4783

and then

( 0.5388 0.1344 )
0.0104 0.6172

r, ( I— @/sinh ¢
3 N\ pcothyp —1
O"( 0.8905
0.6727
Finally from the expression
0.8905 )
0.6727

+H1)q=

)cc. sec. deg./mole

t(0) = R’s (10°) (
t(0) = 6.51 deg.

In calculating the composition one
has the steps

I— ¢/sinh ¢ 4 K=

( 0.4099 0.1344 >
0.0104 0.4883

¢pcothp—1

1 — ¢/sinh
Y I — ¢/sinh ¢ +KI)=
3 @cothp —1

" (0.5465 0.1792 ) .
0.0138 0.6511

and from the expression
(Dc) (0) = R’s(10™)

0.5465 0.1792)
0.0138 0.6511

10° (—3.835, —1.513)
mole/cm. sec.
From this one finds that

¢(0) = 10" (—3.835, —1.513)

from which one can calculate the mole
fractions at the center:

N,(0) = 0.091 and N,(0) = 0.437

DISCUSSION OF EXAMPLES

Several significant features of the re-
sults calculated in the examples should
be pointed out. One can get an idea
how much the assumptions about the
rate of reaction distort the results by
testing the assumed form under the
most extreme conditions, those obtain-
ing at the center of the pellet. In the
first example the calculated tempera-
ture and mole fraction of reactant at
the center are 509.49°K. and 0.125.
The corresponding rate calculated
from the linear approximation is 9.8 x
10~ mole/cc. sec., whereas the correct
rate expression gives 3.7 x 10~ mole/
cc. sec. One sees that despite the un-

(De)(0) =
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duly small variation of rate with tem-
perature alone that is given by the
linear form, the calculated rate is
much too high. The explanation of
this anamoly lies in the separation
of the effects of concentration and
of temperature, making it possible
for the calculated rate to be large
when the temperature is high even
if the concentration is zero. One
can improve the representation of the
rate by giving it as a product of two
factors, one linear in the temperature
and the other linear in the concentra-
tion. In this example the rate would be
expressed in the form R = (1.6 x 10%)
(1-+831 x 10°C) (1 + 38.85 x 10%)
mole/cc. sec. the corresponding calcu-
lated rate 5.5 x 10~ mole/sq. cm. sec.,
a much better result. But one cannot
take advantage of the improvement
because this description of the rate is
not linear in the temperature and con-
centration taken together and so can-
not be incorporated into the analysis.

In the section on the purpose and
scope of the work two results from the
third example were shown in the form
of ratios of average production rates to
their ideal values. One could also cal-
culate the ratio of the average rate of
each reaction to its ideal value, getting
the results 0.78 and 1.23 for the two
reactions. It may be seen that these
numbers, even taken together, do not
constitute an effectiveness factor. One
might consider the matrix that is multi-
plied by R,’s, the set of ideal produc-
tion rates, to give R’s, the set of aver-
age production rates, as a sort of
effectiveness factor; however it has no
unique status since there is another
matrix that converts the set of ideal
reaction rates to the set of average re-
action rates, which could just as well
be taken as an effectiveness factor.
One concludes that there is no uniquely
defined effectiveness factor when more
than one reaction is going on by ob-
serving that there is no unique matrix

that transforms R, to R.

The following table gives the com-
parison of the results obtained in ex-
ample 3 with those from the exact
calculation and from the isothermal

theory.

This Iso-
Exact report thermal

(B’s)1 g mole/cc.sec. —687 —7.01 —6.70
(R’s)2 wmole/cc,see. —0.57 -~0.40 0.71
R # mole/cc. see. 6.87 7.01 6.70
R» 4 mole/ce. sec. 7.44 7.40 5.99
t(QO) deg, 5.94 6.51 —
c1(0) umole/cc. —3.27 —3.84 -—-345
¢2(0) umole/ce. ~1.68 —1.51 —0.49
Selectivity —-0.08 -—0.06 0.11

Although the linear theory fails seri-
ously in predicting the concentration
of the primary reactant at the center
of the pellet in this example, the gen-
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eral picture it gives is much better
than what is found from the isothermal
theory. The selectivity, the quantity of
most interest, is much better approxi-
mated when the rise in temperature is
taken into account.

NOTATION

The symbols that denote matrices
when more than one reaction is in-
volved are preceded by an asterisk.
The dimensions are: M, mass; L,
length; t, time; T, temperature; E,
energy; n, number of moles.

*a = gR/dc tt
*b = OR/dt n/ LT
*c = excess concentration of key
substance n/L?
c, = heat capacity E/MT
d, = diameter of pellet L
°f = —Pbs/ n/E
h = heat transfer coefficient
E/L%T
k. = mass transfer coefficient
L/t
m = index of a reaction, Appen-
dix
n = index of a substance, Ap-
pendix
*q = —s7'Q E/n
r = dimensionless radial variable
r = radius of pellet L
*s = stoichiometric coefficient
t = excess temperature T
*u = rDc/r, n/L%%
v = /14 E/L%%
*w = production rate of a key
substance n/L%
X = characteristic value of a
matrix
*y = flux of a key substance
n/L
*z = flux of a virtual conversion
n/Lt
*A = chemical symbol for a sub-
stance
*B = constant of integration
[Equation (21)] n/L%
*C = excess concentration
D = effective diffusivity through
pellet L?/t
. = diffusivity in laminar bound-
ary layer L*/t
E = activation energy for a re-
action E/n
E, = effectiveness factor for cata-
lyst pellet
G = superficial mass velocity
M/L%
H = Mhr
1 = unit matrix
K = D/k.n
L = constant of integration
{Equation (14)] E/L%
M = auxiliary matrix, used in ex-
ample 3
N = mole fraction
Nw. = hd,/x,, the Nusselt number
Ne. = ¢/, the Prandtl number
N:. = Gd,/n, the Reynolds num-

ber

A.I.Ch.E. Journal

Ny, = n/pD,, the Schmidt number

Nua = k.d,/D,, the Sherwood num-
ber

P = pressure E/L?

*Q = heat of reaction E/n

*R = rate of key reaction n/L’

R, = ideal gas constant E/nT

*S = complete matrix of stoichio-
metric coefficients

S, S, = submatrices of S, defined in
Appendix

T = absolute temperature T

*U = rDC/7, n/L*

*W = production rate of a sub-
stance n/L%%

*Y = flux of a substance n/L%

Greek Letters

*a = go/0C ™

*B = QJo/0t n/L%T

7 = viscosity M/Lt

by = thermal conductivity in pel-
let E/LtT

A, = thermal conductivity in lami-
nar boundary layer E/LtT

P = density of fluid M/L?

Pn = molar density of fluidn/L’

o = rate of reaction n/L%

*p = generalized modulus, defined
before Equation (20)

¥ = (—¢)" if ¢ < 9, for a sin-

le reaction

) = r,(a/k, — bQ/h) for a single
reaction, defined by Equa-
tion (30) for the general
case
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